Abstract. Let f (x) be a monic polynomial in Z [x] with no rational roots but with roots in Q p for all p, or equivalently, with roots mod n for all n. It is known that f (x) cannot be irreducible but can be a product of two or more irreducible polynomials, and that if f (x) is a product of m > 1 irreducible polynomials, then its Galois group must be "m-coverable", i.e. a union of conjugates of m proper subgroups, whose total intersection is trivial. We are thus led to a variant of the inverse Galois problem: given an m-coverable finite group G, find a Galois realization of G over the rationals Q by a polynomial f (x) ∈ Z[x] which is a product of m nonlinear irreducible factors (in Q[x]) such that f (x) has a root in Q p for all p. The minimal value m = 2 is of special interest. It is known that the symmetric group S n is 2-coverable if and only if 3 ≤ n ≤ 6, and the alternating group A n is 2-coverable if and only if 4 ≤ n ≤ 8. In this paper we solve the above variant of the inverse Galois problem for the 2-coverable symmetric and alternating groups, and exhibit an explicit polynomial for each group, with the help of the software packages MAGMA, PARI and GAP.
Introduction
Let f (x) be a monic polynomial in Z[x] with no rational roots but with roots in Q p for all p, or equivalently, with roots mod n for all n. It is known that f (x) cannot be irreducible but can be a product of two or more irreducible polynomials, and that if f (x) is a product of m > 1 irreducible polynomials, then its Galois group must be m-coverable, i.e. a union of conjugates of m proper subgroups, whose total intersection is trivial. We are thus led to a variant of the inverse Galois problem: given an m-coverable finite group G, find a Galois realization of G over the rationals Q by a polynomial f (x) ∈ Z[x] which is a product of m nonlinear irreducible factors (in Q[x]) such that f (x) has a root in Q p for all p.
The existence of such a polynomial can be established by means of the following proposition. Proposition 1.1. [6] Let K/Q be a finite Galois extension with Galois group G. The following are equivalent:
(1) K is a splitting field of a product f (x) = g 1 (x) · · · g m (x) of m irreducible polynomials of degree greater than one in Q[x] and f (x) has a root in Q p for all primes p.
(2) G is the union of conjugates of m proper subgroups A 1 , ..., A m , the intersection of all these conjugates is trivial, and for all primes p of K, the decomposition group G(p) is contained in a conjugate of some A i .
Remark. Condition (2) is evidently satisfied if G is m-coverable and all its decomposition groups are cyclic. This last condition holds automatically at all unramified primes.
This remark is used in [6] to prove existence for any m-coverable finite solvable group. The minimal value m = 2 is of natural interest. All Frobenius groups are 2-coverable. In [6] it is proved that Galois realizations satisfying condition (2) of Prop. 1.1 exist for all nonsolvable Frobenius groups with m = 2.
In this paper we focus on 2-coverable symmetric and alternating groups, which have been determined in [3] and [4] : S n is 2-coverable if and only if 3 ≤ n ≤ 6, and A n is 2-coverable if and only if 4 ≤ n ≤ 8.
Polynomials for S 3 are exhibited in [1] . For S 4 and A 4 existence follows from the general theorem for solvable groups in [6] . For S 5 , existence follows from a known quintic (see e.g. [5] ). Until now, not even existence was known for S 6 . In the present paper, with the help of the software packages MAGMA, GAP and PARI, we both prove existence and produce an explicit polynomial for each S n (3 ≤ n ≤ 6) and each A n (4 ≤ n ≤ 8): Theorem 1.2. Let G be a 2-coverable group which is either a symmetric group S n (i.e. 3 ≤ n ≤ 6), or an alternating group A n (i.e. 4 ≤ n ≤ 8). Then G is realizable over Q as the Galois group of a polynomial f (x) which is the product of two (nonlinear) irreducible polynomials in Q [x] , such that f (x) has a root in Q p for all primes p.
In each of the following sections, we take a group G ∈ {S 4 , S 5 , S 6 , A 4 , ..., A 8 }, and a 2-covering of G from [3] or [4] , given by two subgroups U 1 , U 2 of G. We then produce a polynomial f (x) ∈ Q[x] with Galois group G over Q which satisfies the condition that for every prime p of the splitting field K of f (x) over Q, the decomposition group G(p) is contained in a conjugate of U 1 or U 2 . We then find two irreducible polynomials g 1 (x), g 2 (x) ∈ Q[x] whose splitting fields are contained in K, such that for each i = 1, 2, if η i ∈ K is a root of g i (x), then the Galois group of K over Q(η i ) is U i . It then follows that h(x) = g 1 (x)g 2 (x) has the desired property. The software packages MAGMA, GAP and PARI are used in the searches for f (x) and in the computation of g 1 (x), g 2 (x).
The symmetric group S 4
The 2-covering of S 4 in [3] is given by U 1 := the stabilizer in S 4 of one point and U 2 := the 2-Sylow subgroup of S 4 . U 1 contains a permutations of type 1 [2] and of type [3] , and U 2 contains permutations of types [4] and [2, 2] . Since two elements of S n are conjugate if and only if they are of the same type, U 1 , U 2 is a 2-covering of S 4 . Now that we have the covering we can introduce the polynomial
with prime discriminant p = 2777. f (x) is irreducible mod 3, factors into the product (x + 4)(x 3 + 7x 2 + 1) of irreducible factors mod 11 and factors into the product (x + 8)(x + 19)(x 2 + 19x+ 20) mod 23. These factorizations imply that the Galois group of f (x) contains a 4-cycle, 3-cycle and a transposition. This implies that the Galois group of f (x) (over Q), which is contained in S 4 , is indeed S 4 .
Let K be the splitting field of f (x) over Q. We will show that for all primes p of K, the decomposition group G(p) is cyclic, hence contained in a conjugate of U 1 or U 2 . The decomposition group of an unramified prime is cyclic, so it is enough to check the ramified primes. If the discriminant of the polynomial is squarefree then the ramified primes are exactly those primes dividing the discriminant of the polynomial, which in our case is a prime p = 2777.
We shall show that G(p) is cyclic by showing that the Galois group of f (x) over Q p , which is isomorphic to G(p), is of order 2. We have the following factorization of f (x) modulo p = 2777:
Applying Hensel's Lemma we conclude that f (x) factors into two relatively prime linear factors and one irreducible factor of degree 2 over Q p . Indeed, Hensel's Lemma tells us that f (x) will factor into two relatively prime linear factors and one factor of degree 2, which must be irreducible since f (x) is separable over Q p and p is ramified. This implies that the Galois group of f (x) over Q p is of order 2. We now find two irreducible polynomials g 1 (x), g 2 (x) of degree greater than 1, such that K is the splitting field of their product and the groups U 1 and U 2 are the Galois groups of K over the root fields of g 1 (x) and g 2 (x) respectively. Moreover, the polynomial g 1 (x)g 2 (x) has a root in Q p for all prime p.
Since U 1 is the stabilizer of one point, we may take g 1 (x) := f (x). Since U 2 is a 2-sylow subgroup of S 4 , we may take g 2 (x) to be the cubic resolvent
In conclusion, the product:
has Galois group S 4 and has a root in Q p for all prime p.
The symmetric group S 5
The 2-covering of S 5 in [3] is given by U 1 := the stabilizer in S 5 of the set {1,2}, and U 2 := the normalizer N S 5 { (1, 2, 3, 4, 5) } of (1, 2, 3, 4, 5) in S 5 . U 1 contains permutations of type [2] , [3] and [2; 3] . U 2 contains permutations of type [4] , [5] and [2; 2] . Therefore U 1 , U 2 is a 2-covering of S 5 .
Let
a polynomial with prime discriminant p = 36497. f (x) is irreducible mod 17, factors into the product (x + 1)(x 4 + 2x 3 + x 2 + 2x + 1) of irreducible factors mod 3 and factors into the product (x + 37)(x + 56)(x + 76)(x 2 + 37x + 48) mod 103. These factorizations imply that the Galois group of f (x) contains a 5-cycle, 4-cycle and a transposition, and is therefore S 5 .
As in the previous section we will show that for all primes p of the splitting field K of f (x), the decomposition group G(p) is cyclic and thus contained in a conjugate of U 1 or U 2 . Again it is enough to check the ramified primes. The discriminant of f (x) is a prime p = 36497, so there is only one ramified prime.
The factorization of f (x) modulo p is
Applying Hensel's Lemma as in the preceding section, the decomposition group at p is of order 2, hence cyclic. We now find the desired polynomials g 1 (x), g 2 (x). We start with the polynomial g 1 (x) corresponding to the group U 1 , which is the stabilizer in S 5 of the set {1,2}. It is easy to see that U 1 = C 2 × S 3 , and furthermore, all of the subgroups of S 5 which are isomorphic to C 2 × S 3 are conjugates. Hence we need only find a polynomial whose roots lie in K and with Galois group U 1 over its root field. That polynomial is the polynomial whose roots are the sums of pairs of roots of f (x), namely (using GAP),
Indeed, it is an irreducible polynomial of degree 10 (= [S 5 : U 1 ]) and according to the previous discussion, it is clear that it has Galois group C 2 × S 3 over its root field.
We turn next to the polynomial g 2 (x) corresponding to the group U 2 = N S 5 (1, 2, 3, 4, 5) . The order of U 2 is 20, so g 2 (x) will be of degree 6. First, let us notice that up to conjugation, there is only one subgroup of order 20 in S 5 , since every subgroup of order 20 is the normalizer of a 5-cycle. Thus we need only find an irreducible polynomial of degree 6 whose splitting field is contained in K. Our method is ad hoc. Consider the action of S 5 on the set A of the ten 2-subsets of {1, 2, 3, 4, 5}, which is equivalent to its action on the roots of g 1 (x). Then consider the action of S 5 on the set B of 252 5-subsets of A. This latter action has an orbit of length 12 (MAGMA). We wish to produce a separable polynomial of degree 252 with splitting field K such that the action of G(K/Q) ∼ = S 5 on its roots is equivalent to its action on B. We start with
as above which is an irreducible polynomial with Galois group S 5 over Q. Using a Tschirnausen algorithm 2 in GAP, we obtain a degree 10 polynomial g(x) the sum of whose roots is zero and with the same root field (up to conjugacy) as g 1 (x) and such that the polynomial h(x) of degree 252 whose roots are the sums of quintuples of distinct roots of g(x), is separable. We now observe that since the sum of the roots of g(x) is zero, the negative of any root of h(x) is also a root of h(x), so h(x) = r(x 2 ) for some r(t) ∈ Q[x] of degree 126. r(t) has an irreducible factor of degree 6 with splitting field contained in K, which is The 2-covering of S 6 in [3] is given by U 1 := the stabilizer in S 6 of the partition {1,2,3},{4,5,6} and U 2 = S 5 . U 1 contains a permutation of type [6] , hence also a permutation of type [2, 2, 2] and [3, 3] . Moreover, U 1 also contains a permutation of type [2, 4] , thus for each type of fixed-point-free permutation, U 1 contains at least one representative. On the other hand, U 2 contains representatives for each type of permutation with at least one fixed point. Therefore U 1 , U 2 is a 2-covering of S 6 . Note that U 1 is of order 72 and is also the normalizer of a 3-Sylow subgroup of S 6 .
The polynomial
has prime discriminant p = 33994921, is irreducible mod 37, factors into the product (x + 11)(x 5 + 2x 4 + 7x 3 + 5x 2 + 2x + 7) of irreducible factors mod 13 and factors into the product (x + 11)(x + 70)(x + 199)(x + 232)(x 2 + 14x + 130) mod 263. It follows that the Galois group of f (x) contains a 6-cycle, 5-cycle and a transposition, so its Galois group is S 6 .
Next we will show that for all primes p of the splitting field K of f (x), the decomposition group G(p) is cyclic and thus contained in a conjugate of U 1 or U 2 . Again it is enough to check the ramified primes. Again the discriminant is a prime p = 33994921, so there is only one ramified prime.
We shall now show that the Galois group of f (x) over Q p is cyclic of order 2, hence so is G(p). f (x) factors into a product of four distinct linear factors and the square of a linear factor modulo p; explicitly,
Applying Hensel's Lemma as in the preceding sections, the Galois group of f (x) over Q p is of order 2 and thus contained in a conjugate of U 1 or U 2 .
We will now find the polynomials g 1 (x) and g 2 (x). Let us notice that we already have a polynomial for one of the conjugates of the group U 2 , namely
, where θ is a root of f (x), is S 5 . We now turn to the polynomial g 1 (x) which corresponds to the group U 1 , which is the stabilizer of the partition {1, 2, 3}, {4, 5, 6}. Applying GAP we construct a polynomial h(x) whose roots are the sums of triples of distinct roots of f (x):
Observe that h(x) = g 1 (x 2 ), where
It is evident that the splitting field of h(x) is contained in K, and since g 1 (x) is irreducible over Q, the splitting field of h(x) equals K. It is evident that h(x) has Galois group S 3 × S 3 over Q(η), where η is a root of h(x). The root field Q(η 2 ) of g 1 (x) is a subfield of Q(η) of degree 10 over Q , so Γ :
) is a subgroup of order 72 of S 6 , containing S 3 × S 3 . Γ contains a 3-Sylow subgroup of S 6 whose normalizer is of index 1 or 2 in Γ. It now follows from the Sylow theorems the index must be 1, so Γ must be conjugate to U 1 in S 6 . (In fact, every subgroup of S 6 of order 72 is conjugate to U 1 .)
The alternating group A 4
A 2-covering of A 4 is given by U 1 := the stabilizer in A 4 of one point, namely, U 1 = C 3 , and the group U 2 :=the 2-sylow subgroup of A 4 which is C 2 × C 2 . It is evident that this is indeed a 2-covering of A 4 . Let
The discriminant of f (x) is 163 2 , a square (of a prime), hence the Galois group is contained in A 4 . f (x) factors into the product (x + 1)(x 3 + x 2 + x + 2) of irreducible factors mod 3 and factors into the product (x 2 + 2x + 4)(x 2 + 3x + 3) mod 5. These factorizations imply that the Galois group of f (x) contains a 3-cycle and a product of two transpositions, hence the Galois group is A 4 . Now we check that for all primes p of the splitting field K, the decomposition group G(p), is cyclic and thus contained in a conjugate of U 1 or U 2 . As noted before, it is enough to check the ramified primes. Since the discriminant is p 2 = 163 2 , which is the square of a prime, the only prime to check is p = 163.
To this end we shall show that the Galois group of f (x) over Q p is of order 2. f (x) factors mod p as:
Applying Hensel's Lemma, f (x) factors into a linear factor and a factor of degree 3 over Q p , which we claim must be irreducible over Q p . Indeed, f (x) is separable over Q p so this cubic factor is either irreducible as claimed or a product of a linear factor and an irreducible factor of degree 2. In the latter case, f (x) has two relatively prime linear factors which implies that the local Galois group fixes exactly two roots, thus contains a transposition which contradicts the fact that this Galois group is contained in A 4 . This proves the claim and implies that the Galois group of f (x) over Q p is either S 3 or C 3 . The decomposition group cannot be S 3 since it is a subgroup of A 4 and A 4 does not contain a copy of S 3 , hence we deduce that it is (the cyclic group) C 3 . We now proceed to the desired polynomials g 1 (x), g 2 (x). This is similar to the case of S 4 . Since U 1 is the stabilizer of one point, we may take g 1 (x) := f (x). Since U 2 is a 2-sylow subgroup of A 4 , we may take g 2 (x) to be the cubic resolvent
of f (x).
The alternating group A 5
A 2-covering of A 5 can be obtained from a 2-covering of S 5 and the following easy lemma.
Lemma 6.1. [4] . Let G be a 2-coverable group which is covered by the conjugates of the subgroups H and K. If N G and G = NH = NK, then N admits the covering H ∩ N, K ∩ N.
Applying the lemma to the 2-covering of S 5 which was given in a previous section, we take U 1 to be the intersection of A 5 with the stabilizer Stab S 5 {1, 2} of the set {1,2} in S 5 , and
The discriminant of f (x) is 15733 2 , a square (of a prime), so the Galois group is contained in A 5 . f (x) is irreducible mod 3, factors into the product (x + 3)(x + 4)(x 3 + 3x 2 + 2) of irreducible factors mod 5 and factors into the product (x + 5)(x 2 + x + 4)(x 2 + 3x + 1) mod 7. These factorizations imply that the Galois group of f (x) contains a 5-cycle, a 3-cycle and a product of two transpositions, thus 2 · 3 · 5 = 30 divides the order of the group. Since A 5 has no subgroup of order 30, the Galois group of f (x) is A 5 .
Next we will show that for all primes p of the splitting field K of f (x), the decomposition group G(p) is cyclic and thus contained in a conjugate of U 1 or U 2 . As usual it is enough to check the ramified primes, and as the discriminant 15733 2 = p 2 is the square of a prime, it suffices to check that G(p) is cyclic at this single p. Now
The proof proceeds as in the preceding case. By Hensel's Lemma, f (x) factors into two relatively prime linear factors and a factor of degree 3 over Q p , which we claim must be irreducible over Q p . Indeed, f (x) is separable over Q p so this cubic factor is either irreducible as claimed or a product of a linear factor and an irreducible factor of degree 2. In the latter case, f (x) has 3 relatively prime linear factors, which implies that the local Galois group fixes exactly 3 roots, thus contains a transposition, which contradicts the fact that this Galois group is contained in A 5 . This proves the claim and implies that the Galois group of f (x) over Q p is either S 3 or C 3 . Now the fact that there are two linear factors means that the Galois group acts trivially on two roots, thus the decomposition group is a subgroup of A 3 . But this implies that the Galois group of f (x) over Q p is C 3 .
We turn now to the polynomials g 1 (x), g 2 (x). From here the proof is similar to the case of S 5 . The indices of U 1 and U 2 in A 5 are 10 and 6 respectively. Furthermore, each U i is the unique subgroup of order |U i | in A 5 up to conjugacy, i = 1, 2. By the same method as in the case of S 5 , starting with f (x), we compute In contrast to the previous examples, in this example not all the decomposition groups turn out to be cyclic. The 2-covering of A 6 is given by applying the lemma from the previous section to the 2-covering of S 6 which was given earlier. Namely, U 1 = H 1 ∩ A 6 , where H 1 denotes the stabilizer in S 6 of the partition {1, 2, 3}, {4, 5, 6} and U 2 = H 2 ∩ A 6 = A 5 where H 2 = S 5 . (S 6 = A 6 H 1 = A 6 H 2 because U 1 and U 2 each contains an odd permutation.) Let
The discriminant of f (x) is 14341 2 is a square (of a prime), so the Galois group is contained in A 6 . f (x) factors as ( 2 + 68x + 51) mod 109, hence the Galois group has order divisible by 9 · 4 · 5 = 180. Since A 6 has no subgroup of order 180, the Galois group is A 6 .
In order to verify that the requirements hold, we will show that for all primes p of the splitting field K of f (x), the decomposition group G(p), is contained in a conjugate of U 1 or U 2 . Again it is enough to check this at the (single) ramified prime p = 14341.
We claim that the Galois group of f (x) over Q p is contained in a conjugate of U 2 . f (x) factors mod p as a product of two distinct linear factors and the square of an irreducible quadratic factor:
f (x) ≡ (x + 5464)(x + 5605)(x 2 + 8805x + 9098) 2 (mod 14341) By Hensel's Lemma, f (x) factors into two relatively prime linear factors and one irreducible factor of degree 4 over Q p . This means that the decomposition group, which is contained in A 6 , fixes two roots of f (x), and is therefore contained in a conjugate of A 5 = U 2 . Note that the decomposition group is noncyclic, since its order is divisible by 4 and is embedded in A 4 . We turn to the polynomials g 1 (x) and g 2 (x). First, as U 2 = A 5 , we may take g 2 (x) = f (x) = x 6 − 3x 5 − 4x 4 + 5x 3 + 3x 2 − 5x − 1. By the same method used for S 6 , we arrive at the polynomial
The 2-covering of A 7 given in [4] is U 1 = N A 7 (1234567) , of order 21, and U 2 = (Sym{1, 2}× Sym{3, 4, 5, 6, 7}) ∩ A 7 , of order 120, where Sym{1, 2} is the symmetric group on {1, 2} and Sym{3, 4, 5, 6, 7} is the symmetric group on {3, 4, 5, 6, 7}. Let
Since the discriminant of the polynomial is 554293 2 , the square of a prime, the Galois group of f (x) over Q is contained in A 7 . The factorizations of f (x) modulo 3, 5, 7, 23 show that the Galois group contains permutations of the types [7] , [5] , [2, 4] , [3, 3] respectively. As A 7 has no proper subgroup of order divisible by 3 · 4 · 5 · 7 (GAP), the Galois group is A 7 .
We show next that the Galois group of f (x) over Q p is contained in a conjugate of U 2 , where p = 554293 is the unique ramified prime. (As before, this is the only local Galois group that needs to be checked.) The factorization of f (x) modulo p is f (x) ≡ (x + 521396)(x + 134869)
2 (x + 281696) 2 (x 2 + 308251x + 256808) (mod 554293).
Applying Hensel's Lemma we conclude that f (x) factors into a (separable) product of a linear factor and quadratic factors over Q p . It follows that the decomposition group G(p) is a 2-group. But this means that the decomposition group is contained in a conjugate of U 2 since U 2 contains a 2-sylow subgroup of A 7 .
For the explicit polynomials g 1 (x), g 2 (x), we start with g 1 (x) and observe first that U 1 is not a maximal subgroup of A 7 . It is contained in a maximal subgroup of order 168, isomorphic to GL 3 (2). Although the unique conjugacy class of subgroups of order 168 in S 7 splits into two conjugacy classes in A 7 , each contains the unique conjugacy class of subgroups of order 21 in A 7 . It follows that either of the two conjugacy classes of subgroups of order 168 in A 7 can replace the conjugacy class of U 1 in the given 2-covering of A 7 . It is advantageous to do this in order to seek a g 1 (x) of smaller degree (15) than that of the g 1 (x) (120) that would correspond to the original U 1 . The method for seeking the explicit g 1 (x) and g 2 (x) is similar to the preceding, except for a greater dependence on trial and error, and that in addition to the two algorithms in GAP used earlier, the Tschirnhausen algorithm and the algorithm that produces a polynomial whose roots are sums of roots of a given polynomial, an algorithm that produces a polynomial whose roots are products of roots of a given polynomial was pressed into service.
The polynomials corresponding to the groups U 1 and U 2 are: 
Since the discriminant of the polynomial is 11489 2 , the square of a prime, the Galois group of f (x) over Q is contained in A 8 . The factorizations of f (x) modulo 3, 37, 41 show that the Galois group contains permutations of the types [7] , [4, 4] , [3, 5] respectively. As A 8 has no proper subgroup of order divisible by 3 · 4 · 5 · 7 (GAP), the Galois group is A 8 . Now f (x) factors modulo p as:
Hensel's Lemma yields a corresponding factorization f (x) = a(x)b(x)c(x) over Q p with a(x), c(x) of degree 3 and b(x) of degree 2. The splitting field K p of f (x) over Q p is the composite of the splitting fields K a , K b , K c of these three factors, the first of which is ramified and the others unramified. a(x) cannot be a product of linear factors since p ramifies in the splitting field of f (x). Thus a(x) is either an irreducible cubic or a product of a linear and a quadratic polynomial. b(x) and c(x) are irreducible. If a(x) is a product of a linear and a quadratic polynomial, then K a /Q p is a ramified quadratic extension and G(K p /Q p ) ∼ = C 2 × C 2 × C 3 , and contains transpositions, contrary to the fact that it is contained in A 8 . Therefore a(x) is an irreducible cubic. It follows that G(K a /Q p ) is C 3 or S 3 . C 3 is not possible because K a /Q p would then be totally and tamely ramified, but p ≡ 2 (mod 3) hence Q p does not contain the cube roots of unity. Hence G(K a /Q p ) is S 3 . The only way that G(K p /Q p ) can be contained in A 8 is if K b is contained in K a as the unramified quadratic subfield, and the action of G(K a /Q p ) on the roots of a(x)b(x) is the representation of S 3 as (123), (12)(45) . Furthermore, since K c /Q p is unramified of degree 3, K a ∩K c = Q p , so G(K p /Q p ) acts on the roots of f (x) as (123), (12)(45), (678) , which is contained in U 2 .
A trial and error search similar to that in the preceding section yields the following polynomials corresponding to the groups U 1 and U 2 : 
Introduction
The existence of such a polynomial can be established by means of the following proposition. Remark. Condition (2) is evidently satisfied if G is m-coverable and all its decomposition groups are cyclic. This last condition holds automatically at all unramified primes.
Polynomials for S 3 are exhibited in [1] . For S 4 and A 4 existence follows from the general theorem for solvable groups in [6] . For S 5 , existence follows from a known quintic (see e.g. [5] ). Until now, not even existence was known for S 6 . In the present paper, with the help of the software packages MAGMA, GAP and PARI, we both prove existence and produce an explicit polynomial for each S n (3 ≤ n ≤ 6) and each A n (4 ≤ n ≤ 8): Theorem 1.2. Let G be a 2-coverable group which is either a symmetric group S n (i.e. 3 ≤ n ≤ 6), or an alternating group A n (i.e. 4 ≤ n ≤ 8). Then G is realizable over Q as the Galois group of a polynomial f (x) which is the product of two (nonlinear) irreducible polynomials in Q[x], such that f (x) has a root in Q p for all primes p.
In what follows, we take a group G ∈ {S 4 , S 5 , S 6 , A 4 , ..., A 8 }, and a 2-covering of G from [3] or [4] , given by two subgroups U 1 , U 2 of G. We then produce a polynomial f (x) ∈ Q[x] with Galois group G over Q which satisfies the condition that for every prime p of the splitting field K of f (x) over Q, the decomposition group G(p) is contained in a conjugate of U 1 or U 2 . We then find two irreducible polynomials g 1 (x), g 2 (x) ∈ Q[x] whose splitting fields are contained in K, such that for each i = 1, 2, if η i ∈ K is a root of g i (x), then the Galois group of K over Q(η i ) is U i . It then follows that h(x) = g 1 (x)g 2 (x) has the desired property. The software packages MAGMA, GAP and PARI are used in the searches for f (x) and in the computation of g 1 (x), g 2 (x).
The symmetric groups
The 2-covering of S 4 in [3] is given by U 1 := the stabilizer in S 4 of one point and U 2 := the 2-Sylow subgroup of S 4 . U 1 contains permutations of type 1 [2] and of type [3] , and U 2 contains permutations of types [4] and [2, 2] . Since two elements of S n are conjugate if and only if they are of the same type, U 1 , U 2 is a 2-covering of S 4 .
Consider the polynomial
has Galois group S 4 and has a root in Q p for all prime p. so (as in the preceding case) the decomposition group at p is cyclic. We now find the desired polynomials g 1 (x), g 2 (x). We start with the polynomial g 1 (x) corresponding to the group U 1 , which is the stabilizer in S 5 of the set {1,2}. It is easy to see that U 1 = C 2 × S 3 , and furthermore, all of the subgroups of S 5 which are isomorphic to C 2 × S 3 are conjugates. Hence we need only find a polynomial whose roots lie in K and with Galois group U 1 over its root field. That polynomial is the polynomial whose roots are the sums of pairs of roots of f (x), namely (using GAP),
as above which is an irreducible polynomial with Galois group S 5 over Q. Using a Tschirnausen algorithm 2 in GAP, we obtain a degree 10 polynomial g(x) the sum of whose roots is zero and with the same root field (up to conjugacy) as g 1 (x) and such that the polynomial h(x) of degree 252 whose roots are the sums of quintuples of distinct roots of g(x), is separable. We now observe that since the sum of the roots of g(x) is zero, the negative of any root of h(x) is also a root of h(x), so h(x) = r(x 2 ) for some r(t) ∈ Q[x] of degree 126. r(t) has an irreducible factor of degree 6 with splitting field contained in K, which is 
The 2-covering of S 6 in [3] is given by U 1 := the stabilizer in S 6 of the partition {1,2,3},{4,5,6} and U 2 = S 5 . Note that U 1 is of order 72 and is also the normalizer of a 3-Sylow subgroup of S 6 .
has prime discriminant p = 33994921, and factoring mod 13, mod 37, and mod 263 yields the Galois group S 6 .
f (x) ≡ (x + 665896)(x + 3641312)(x + 15713959)(x + 25142575)(x + 11413050) 2 (mod p) so the decomposition group at p is cyclic (as in the preceding case for S 5 ). We will now find the polynomials g 1 (x) and g 2 (x). Let us notice that we already have a polynomial for one of the conjugates of the group U 2 , namely g 2 (x) := f (x) = x 6 − 10x 4 − 9x 3 + 5x 2 + 3x − 1, since the Galois group of f (x) over Q(θ), where θ is a root of f (x), is S 5 . We now turn to the polynomial g 1 (x) which corresponds to the group U 1 , which is the stabilizer of the partition {1, 2, 3}, {4, 5, 6}. Applying GAP we construct a polynomial h(x) whose roots are the sums of triples of distinct roots of f (x):
g 1 (x) is irreducible over Q. It is evident that the splitting field of h(x) is contained in K, and since g 1 (x) is irreducible over Q, the splitting field of h(x) equals K. It is evident that h(x) has Galois group S 3 × S 3 over Q(η), where η is a root of h(x). The root field Q(η 2 ) of g 1 (x) is a subfield of Q(η) of degree 10 over Q , so Γ := G(K/Q(η 2 )) is a subgroup of order 72 of S 6 , containing S 3 × S 3 . Γ contains a 3-Sylow subgroup of S 6 whose normalizer is of index 1 or 2 in Γ. It now follows from the Sylow theorems the index must be 1, so Γ must be conjugate to U 1 in S 6 . (In fact, every subgroup of S 6 of order 72 is conjugate to U 1 .)
The alternating groups
A 4 : A 2-covering of A 4 is given by U 1 := the stabilizer in A 4 of one point, namely, U 1 = C 3 , and the group U 2 :=the 2-sylow subgroup of A 4 which is C 2 × C 2 . It is evident that this is indeed a 2-covering of A 4 . Let
The discriminant of f (x) is 163 2 , a square (of a prime), hence the Galois group is contained in A 4 . Factoring mod 3 and mod 5 gives the Galois group A 4 .
We check that the Galois group of f (x) over Q p is of order 3. The factorization of f (x) factors mod 163 is:
f (x) ≡ (x + 50)(x + 143) 3 (mod 163) By Hensel's Lemma, f (x) factors into a linear factor and a factor of degree 3 over Q p , which we claim must be irreducible over Q p . Indeed, f (x) is separable over Q p so this cubic factor is either irreducible as claimed or a product of a linear factor and an irreducible factor of degree 2. In the latter case, f (x) has two relatively prime linear factors which implies that the local Galois group fixes exactly two roots, thus contains a transposition which contradicts the fact that this Galois group is contained in A 4 . This proves the claim and implies that the Galois group of f (x) over Q p is either S 3 or C 3 . The decomposition group cannot be S 3 since it is a subgroup of A 4 and A 4 does not contain a copy of S 3 , hence we deduce that it is (the cyclic group) C 3 . For the polynomials g 1 (x), g 2 (x), we argue as in the case of S 4 . Since U 1 is the stabilizer of one point, we may take g 1 (x) := f (x). Since U 2 is a 2-sylow subgroup of A 4 , we may take g 2 (x) to be the cubic resolvent g 2 (x) = x 3 + 89x 2 + 2586x + 24649 of f (x).
A 5 : A 2-covering of A 5 can be obtained from a 2-covering of S 5 and the following easy lemma.
with discriminant 14341 2 , the square of a prime. Factoring mod 3, mod 5, and mod 101 yields the Galois group A 6 .
In order to verify that the requirements hold, we need the decomposition group of a prime above p = 14341 to be contained in a conjugate of U 1 or U 2 .
f (x) ≡ (x + 5464)(x + 5605)(x 2 + 8805x + 9098) 2 (mod 14341) two conjugacy classes in A 7 , each contains the unique conjugacy class of subgroups of order 21 in A 7 . It follows that either of the two conjugacy classes of subgroups of order 168 in A 7 can replace the conjugacy class of U 1 in the given 2-covering of A 7 . It is advantageous to do this in order to seek a g 1 (x) of smaller degree (15) than that of the g 1 (x) (120) that would correspond to the original U 1 . The method for seeking the explicit g 1 (x) and g 2 (x) is similar to the preceding, except for a greater dependence on trial and error, and that in addition to the two algorithms in GAP used earlier, the Tschirnhausen algorithm and the algorithm that produces a polynomial whose roots are sums of roots of a given polynomial, an algorithm that produces a polynomial whose roots are products of roots of a given polynomial was pressed into service. The polynomials corresponding to the groups U 1 and U 2 are: 
